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Angle-of-Attack Control of Spinning Missiles

D. H. Flatus*
The Aerospace Corporation, ElSegundo, Calif.

The application of controlled wind-fixed pitch and yaw moments to control the coning angle of a spinning
missile is described. The open-loop response to applied pitch and yaw moments is derived, and the closed-loop
behavior of an angle-of-attack control system is analyzed. The angle-of-attack undamping due to a yaw moment
is shown to be equal to that for steady roll resonance, and resonance is shown to be a limiting case of yaw
moment undamping when the roll rate is equal to the critical frequency. The practical implementation of an
angle-of-attack control system is described, and several applications are discussed including passive angle-of-
attack damping, roll lockin prevention, and drag control.
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Nomenclature
= drag acceleration
= lift acceleration
= resultant of lift and drag accelerations
= axial acceleration
= normal acceleration in lift plane
= aerodynamic pitch or yaw damping derivative
= aerodynamic normal force derivative
= aerodynamic reference diameter
= pitch or yaw moment of inertia
= roll moment of inertia

= pitch or yaw radius of gyration, (I/m)1/2

= control system gain, K }K2Mp/I
= missile mass
= body-fixed trim moment
= wind-referenced pitch moment
= wind-referenced yaw moment
= roll rate
= closed-loop roots
= wind-referenced pitch rate, 0
= dynamic pressure
= wind-referenced yaw rate, $ sin0
= Laplace transform variable, o+ju
= aerodynamic reference area
= time
= missile velocity
= static margin (distance of center of pressure

aft of center of mass)
= angle between missile axis and A R
= equivalent control deflection
= pitch or yaw damping ratio,

1 , PSI , ,A,^

2m Nn
xst

coning half angle (Euler angle)
angle-of-attack command
nonrolling, body-fixed trim angle of attack,

= wind-referenced pitch rate
= ratio of roll rate to critical frequency, pi ± a? n
= atmospheric density

a = real part of s
Presented as Paper 74-821 at the AIAA Mechanics and Control of

Flight Conference, Anaheim, California, August 5-9, 1974; submitted
August 13, 1974; revision received November 18, 1974. This work was
supported by the U.S. Air Force under Contract F04701-73-C-0074.

Index categories: Entry Vehicle Dynamics and Control; LV/M
Dynamics and Control; Entry Deceleration Systems and Flight
Mechanics.

*Staff Scientist. Member AIAA.

0 = roll angle relative to wind (Euler angle)
0 = windward meridian rotation rate
0 + _ = body frequencies
\l/ = precession angle (Euler angle)
ij/ = precession rate
^ + _ = precession modes
w = imaginary part of s
un = natural pitch frequency, (CNc<q *> Sxst/I)1/2

1} =body frequency, < / > + , _

Superscript

( ) = differentiation with respect to time

I. Introduction

E is well known that a yaw or side moment produced
y a force that acts perpendicular to the pitch plane

of total angle of attack can produce a Magnus-type dynamic
instability. The classical Magnus moment is proportional to
the spin rate and angle of attack of the spinning missile, and
Magnus type effects on stability have been investigated ex-
tensively. l-s Yaw moment instabilities produced by other
phenomena have also been demonstrated.9'12 A characteristic
of Magnus-type angle-of-attack undamping is almost purely
circular coning motion.3'10 As the angle of attack undamps,
the character of the motion changes markedly from the trim-
med lunar motion condition, where the precession rate is ap-
proximately equal to the roll rate, to a rotary windward
meridian condition, where the precession rate is ap-
proximately equal to the pitch frequency.10'13 These charac-
teristics indicate that 1) the angle of attack might be con-
trolled by imposing a controlled side force or yaw moment, 2)
the resulting drag should be predictable from the nearly con-
stant angle of attack in circular motion, and 3) the induced
precession and windward meridian rotation rates might be
used advantageously, e.g., to prevent roll lockin during
resonance crossing.

II. Analysis
A. Open-Loop Response to Wind-Fixed Moments

It is convenient to describe the rotational motion in terms
of the classical Euler angle coordinates defined in Fig. 1. The
moment equations of motion for a slowly rolling, axisym-
metric missile subjected to wind-fixed pitch and yaw moments
Mp and My, respectively, and a body-fixed trim moment M
can be written approximately (for small 0 and

(M//)cos d)
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Fig. 1 Euler angle coordinates. X, Y, Z=inertial coordinates; jc, y,
z = body-fixed coordinates; xw, Yw, zw = wind-referenced coordinates
i/s<M = Euler angles.

(M//)sin (2)

(3)

where un is the natural pitch frequency, and f is the
aerodynamic pitch or yaw damping expressed as a critical
damping ratio, (see Nomenclature). If we consider the res-
ponse to the wind-fixed moments when M=0, we find that a
condition for steady coning motion (6 = 6 '= \l/ = 0 )is

(4)

which is approximately i]/+>_ = ±un for $Mp/My<\. The
quasi-steady response to the applied moments is obtained by
solving Eq. (2) for 6 with \l/ = 0 and i// = ^+ _, which yields,
for the coning half angle,

0(t) = -e (5)

where the precession mode corresponds with the sign of My
(Fig. 2), i.e., a positive yaw moment induces positive
precession, and a negative yaw moment induces negative
precession. The corresponding windward meridian rotation
rate from Eq. (3) is < / > + _ = / ? — ̂ +,- (Fig- 2), which
is of opposite sign to ^ + j _ for subcritical roll rates \p I <coA7.
Thus, a wind-fixed yaw moment induces an undamping of the
angle of attack 1" that reaches a steady-state value My/2fa2I,
which is precisely the steady resonance amplification of a
nonrolling trim angle of attack My/u2J that would be
produced if My were body fixed. However, Eq. (5) applies in-
dependent of roll rate. The steady resonance condition is ob-
tained readily from Eqs. (1-3) with Mp=My = Q. In steady
trimmed motion, the windward meridian rotation rate 6 is
zero, the precession rate i/s from Eq. (3), is approximately
equal to the roll rate, and a steady coning condition
0=0=$=0 exists for

(6)

(7)

tin steady coning motion, the total angle of attack differs from the
coning half angle by an increment of order unk2Q/uxst because of
lateral translation of the center of mass, which is negligible for most
purposes. Angle of attack and coning half angle are hereafter used in-
terchangeably.

POSITIVE
PRECESSION

NEGATIVE WINDWARD
MERIDIAN ROTATION

MP

Fig. 2 Yaw moment-induced coning motion.

where \=p/±un, and Ot = M/u2
nI is the nonrolling trim

angle of attack produced by the body-fixed moment M. These
familiar expressions have been derived previously.15'16 As the
roll rate approaches resonance, X-»l , </>-»90° and the body-
fixed trim moment becomes a yaw moment (Fig. 2). The
steady resonance amplification from Eq. (7) is, then, 0 =
Ot/2£=M/2fa*I, which, from Eq. (5), is the steady angle-of-
attack response to a yaw moment as t-> °°. Since Eq. (5) is ap-
plicable independent of the roll rate ratio X or windward
meridian rotation rate </>, the trim angle-of-attack am-
plification during steady resonance is a special case of the
response to a yaw moment when p = o> „, for which the two
conditions coincide. A striking feature of yaw-moment-
induced undamping is the induced precession of the lift vector
at the pitch frequency and corresponding windward meridian
rotation rate. This is in contrast to the lunar motion trimmed
condition, where the windward meridian rotation rate is zero,
and the lift vector precesses at the roll rate. Yaw undamping
can even occur at zero roll rate for which ^= — </>= ico^.An
example of this is shown later.

B. Closed-Loop Angle-of-Attack Control

Let us assume that an arbitrary wind-fixed moment with
components Mp and My can be generated for control pur-
poses and define 5 as the equivalent "control deflection" or
the fraction of full-scale moment generated. If we perturb
Eqs. (1) and (2) in 6 and ^ about the quasi-steady values 6 =
6 and ^ = co „ and neglect damping and all but first-order terms
in the perturbed quantities, the resulting linearized control
equations after Laplace transformation can be written

sS

My/I

[M/I] (8)
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where Q(s) and \j/(s) are now the perturbations about 0 and co „,
respectively, Q is the windward meridian rotation frequency
p — co „, and s is the Laplace transform variable. * We assume a
control law of the form

(9)

which corresponds to the block diagram of Fig. 3, where 6C is
the input command value of the angle of attack and 6 is the
closed-loop response. If we consider only the response to the
control moment, the open-loop transfer function G(s) H(s) of
the closed-loop characteristic equation l + G(s)H(s) = Q is,
from Eqs. (8) and (9),

G(s)H(s) =
K(s + l/K2)(s+2unMy/Mp) (10)

where K=K jK2M p/L The root locus of the characteristic
equation is shown in Fig. 4. Because the departure angle from
the imaginary poles is \l/1 + \l/2, the system will be stable for all
values of gain for \l/ 7 + \l/ 2 > ?r/2. Numerical values of the root
locus are shown for \j/ / = \[/ 2 = Tr/4 with cow = 50 rad/sec,
which corresponds to Mp=My and K2 = l/2co,,=0.01. The
system shows good stability characteristics and is relatively in-
sensive to the ratio My/Mp, which determines the orientation
of the control moment relative to the wind.

The closed-loop response to the body-fixed trim moment is
obtained by substituting for 6 from Eq. (9) in Eq. (8), with
6C = Q, which yields

l/K2)

(s + l/K2) S0~

(11)

where 0, is the nonrolling trim due to the body-fixed moment
M. The closed-loop angle-of-attack response to 0, is, from
Eq.(ll),

0(s)
(s2 + Q2)(s+pI)(s+p2)(s+p3)

(12)

where p}, p 2> andp5 are the closed-loop roots obtained from
Fig. 4 for a specified value of the gain K. The magnitude of
the steady-state response ratio 0/0, is

I - (13)

where the zeros and poles of Eq. (12) are shown in Fig. 5, and
£ j £ 2 > anci £3 are tne vector lengths from the closed-loop
roots p/, p2, and p3 to s= — Q = /ojAZ(l — X). For values of
K that give good stability characteristics, Eq. (13) indicates
that the steady-state trim response is attenuated for X-^3. As
K-+Q, £ /-»o> / I( l -X), £2-0^(1+X), and £5->ajw(3-X),
which reduces Eq. (13) to the open-loop trim amplification
factor 0/0, = (l-X2)-7 as expected. If the yaw moment in-

JAlthough the perturbations are taken about an initial condition of
positive precession, the results are applicable to either mode, except
for the slight shift in precession frequency from ±cow, Eq. (4), and a
slight difference in the closed-loop response to a body-fixed moment,
which is shown later.

Fig. 3 Angle-of-attack control system block diagram.

-300 -200

Fig. 4 Root locus for angle-of-attack control system.

duces negative precession while the roll rate is positive (or vice
versa), then X is negative, and the response to the trim is ob-
tained from Eq. (13) and Fig. 5, with the sign of X changed ac-
cordingly. Consequently, the precession mode does have an
influence on the response to a body-fixed trim, depending on
the system gain.

The results of computer simulations of the closed-loop
response of 0 and ^ to step inputs in angle-of-attack command
are given in Figs. 6 and 7, where the control parameters
correspond to K= 100 in Fig. 4. In both cases, the missile is
initially trimmed because of a body-fixed moment that
corresponds to 0.5° nonrolling trim, and a step input of 4° is
applied at t-Q. In Fig. 6, the roll rate (and initial precession
rate $) is zero, and a positive yaw moment is applied, which
induces a positive precession \js + = +un. In Fig. 7, the roll
rate is initially at one-half the critical frequency, and a
negative yaw moment is applied, which induces a negative
precession rate. The moment equations of motion that were
integrated numerically contain small additional roll rate terms
that were not included in Eqs. (1) and (2) for simplicity, 13>14

but give the slightly more precise definition of precession
frequencies

(14)
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4.0 -

Fig. 5 Response to body-fixed trim.

50 rod/sec

K =100 sec'1

K2 = 0.01 sec

t = 0.5 deg

= -Mp

A = _i/2

0.2 0.3
TIME, sec

0.4 0 5

0.1 0.4 0.50.2 0.3
TIME, sec

Fig. 6 Closed-loop response to step 0C with zero roll rate.

Fig. 7 Closed-loop response to step 6C with roll rate at one-half the
critical frequency.

compared with Eq. (4). With f=0, as taken for the
simulations, i// + 1 _ ^Ixp/2I±un, which yields ^ + *50
rad/sec and ^ _ % -48.7 rad/sec for the cases shown in Figs.
6 and 7, respectively.

The body-fixed trim results in an oscillation about 6C that is
attenuated in accordance with Eq. (13) and Fig. 5. For zero
roll rate (Fig. 6), the 0.5° nonrolling trim is attenuated to 0.24
of its open-loop value, or 0.24° double-amplitude oscillation
in contrast to a 1° oscillation that would exist open loop.
Similarly, with the roll rate at one-half the critical frequency
(Fig. 7), the 0.5° trim is amplified to 2/3 deg in the initial
trimmed condition. The closed-loop response for this case
yields an attenuation to 0.23 of the nonrolling trim value, or
0.23° double-amplitude oscillation, compared with a 1.33°
oscillation that would exist open loop, i.e., the trim oscillation
that would exist about any untrimmed value of 6.

While the foregoing analysis is based on the assumption of
linear, small-angle aerodynamics, practical aerodynamic con-
figurations often exhibit nonlinear pitch and yaw moments
and yaw moment reversals. Angle-of-attack control applied to
such systems would probably require slightly higher gain con-
trol systems to insure that the out-of-plane control moments
always exceed the maximum anticipated aerodynamic yaw
moments. For higher gain systems the closed-loop response
would tend to be dominated by the linear control elements,
which would minimize the effects of nonlinearities in the
open-loop vehicle dynamics.
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III. Control System Implementation
Implementation of the angle-of-attack control system

requires a means of generating wind-fixed control moments
and a sensor system for measurement of the pertinent motion
response parameters. Because yaw moment undamping of the
angle of attack produces, in general, a rotary windward
meridian, the control force must rotate at one of the body
frequencies and maintain a fixed orientation relative to the
wind vector or lift plane. This can be accomplished in several
ways by using a pendulum mass that aligns itself with the lift
vector (Fig. 8). Any form of trim generator can be either
passively stabilized by means of the pendulum mass or it can
be motor driven at the windward meridian rotation frequency
by using the pendulum to regulate the motor speed at the
proper frequency. The desired ratio of pitch to yaw moment is
obtained by orienting the trim generator at the proper angle
relative to the lift vector.

A pendulum can also be used to orient a sensor system
relative to the wind for direct measurement of the motion
parameters in the Euler angle (wind-referenced) coordinate
system. Such a sensor system is shown in Fig. 9. In addition to
conventional body-fixed axial acceleration and roll rate sen-
sors, pitch and yaw angular rate sensors and a normal ac-
celeration sensor are mounted to a pendulum that rotates
relative to the vehicle at the windward meridian rotation rate
<£, which is measured directly. The pendulum mounted rate
sensors measure pitch rate q = 6 and yaw rate r = i// sin 6 in the
Euler angle system. From the definition of roll rate /7 = </> +
^ cos 0, the angle of attack 0 is obtained simply from the
relation

0 = tan->(—r-r- ) (15)

ROLL RATE, p

where /?, r, and </> are measured directly. The normal ac-
celeration A Zw in the lift plane is measured directly from the
pendulum-mounted accelerometer. If CN is known with suf-
ficient accuracy, then Az gives a direct^measurement of 0.
The resultant acceleration A R and its orientation angle 7 with
respect to the missile axis are obtained from a resolution of
A x and A z w according to

)1/2 (16)

LIFT
-JETS

WINDWARD MERIDIAN
ROTATION

YAW
MOMENT

Fig. 8 Mechanization schemes, a) inertia-stabilized reaction jets; b)
inertia-stabilized trim generator; c) motor-driven trim generator; d)
motor-driven pendulum mass; e) inertia-stabilized gyro wheel.

q AND r SENSORS

MOUNTED TO PENDULUM

WINDWARD MERIDIAN
ROTATION RATE

Fig. 9 Inertia-stabilized sensor system.

DRAG

SENSORS

Fig. 10 Drag system control logic.

/Ax) (17)
The lift and drag acceleration are then obtained from the
relations

AL=ARsm(y-0)

AD=ARcos(j-0)

(18)

(19)

The control logic for a drag control system in which drag is in-
duced by angle of attack is shown in Fig. 10.

IV. Discussion
Potentially, angle-of-attack control can be used to damp

the angle of attack, prevent roll lockin, or induce drag for
deceleration or drag modulation. The undamping of angle of
attack by a yaw moment has been described and is expressed
analytically in Eq. (5). It has been demonstrated that either a
positive or negative yaw moment will undamp the angle of at-
tack and induce angular precession of the corresponding sign
(Fig. 2). Conversely, if the angle of attack is undamped in
either of the precession modes because of some extraneous
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PENDULUM

Fig. 11 Precession controller.

source, then an applied yaw moment in the opposite direction,
one that opposes the precession, will damp that mode. The
dominant precession mode can readily be sensed by the con-
trol system from a direct measurement of the windward
meridian rotation rate (/>. The average value of <£ is p^F<jon,
which corresponds to ^= ±un. For example, for subcritical
roll rates l / ? l < w w , <j> will be either negative or positive,
corresponding to positive or negative precession, respectively.
Thus, the sign of the applied yaw moment to damp the angle
of attack will correspond with the sign of c/>.

An interesting possibility exists for a passive angle-of-
attack damper. Hopper17 has proposed a motor-driven pen-
dulum mass to damp the precession angle (coning angle) of a
spinning spacecraft and has shown that a passive damped pen-
dulum would increase the coning angle. In the absence of ex-
ternal moments, the spin rate </> and precession rate ^ are
in the same direction and are related by c/>= (I/IX — 1)\]/ cos0.
If viewed along the coning axis, a pendulum mass displaced
axially from the vehicle center of mass would align itself in the
6 plane because of centrifugal force (Fig. 11). With viscous or
friction damping resisting the pendulum rotation relative to
the spacecraft, the pendulum would be displaced as shown in
Fig. 11. In the displaced position, the pendulum mass exerts a
side moment on the spacecraft analogous to a yaw moment on
a spinning missile. Because this moment is in the direction
that reinforces the precession, the coning angle will increase
Hopper has proposed to actively drive the pendulum in the
opposite direction to oppose the precession motion and thus
damp the coning angle.

The rotational motion of a spinning missile subject to
aerodynamic pitch and yaw moments is somewhat different
from that of the moment-free spacecraft, as indicated by a
comparison of Figs. 2 and 11. For subcritical roll rates, the
spin rate <f> of the missile is in a direction opposite to the
precession rate, as illustrated in Fig. 2. Consequently, the
passive damped pendulum that induces an increase in coning
angle of the moment-free spacecraft will damp the coning
angle of a spinning statically stable missile with subcritical

roll rate if located aft of the center of gravity. For super-
critical roll rates, which characterize the high-altitude motion
of a spinning reentry vehicle, the precession mode depends on
the orientation of the exoatmospheric precession cone relative
to the velocity vector.13 The passive pendulum damper will
damp negative precession and undamp positive precession
because <£ ̂ p — o; n is always positive, whereas ^ * ± o; „. If the
exoatmospheric precession cone is damped out, e.g., by use of
the active damper proposed for spacecraft, the re-entry
vehicle will precess negatively provided that there is an initial
angle-of-attack misalignment (angle between the velocity vec-
tor and the angular momentum vector of the initial precession
cone).13 The subsequent angle-of-attack convergence would
then be accelerated by use of the aft-mounted passive damped
pendulum.

Angle-of-attack control can be used to prevent resonance
lockin by undamping the angle of attack at resonance crossing
sufficiently to induce a rotary windward meridian. Lockin
requires a body-fixed asymmetry and a zero windward
meridian rotation rate.18 The latter can occur if the vehicle is
trimmed or if it is untrimmed but precessing positively such
that 0 =p - cj n, which tends to zero as p -»co „. By undamping
the angle of attack with a negative yaw moment to induce
negative precession, <p=p + urn which approaches 2un at
resonance crossing. The angle of attack required to induce
negative precession, i.e., to untrim the angle of attack, de-
pends on the magnitude of the trim asymmetry and the trim
amplification or attenuation factor. It has been shown that
the closed-loop angle-of-attack response to a trim asymmetry
is attenuated by a factor that depends on the control system
gain. Potentially, a small amount of undamping could induce
a sufficient windward meridian rotation rate to prevent
lockin.

Angle-of-attack control might be used instead of drag flaps
as a drag control system. The control logic for such a system is
shown in Fig. 10. The system could be used, for example, to
decelerate a re-entry body for recovery.

V. Conclusions
The use of intentionally applied pitch and yaw moments to

control the angle of attack of a spinning missile has been
demonstrated. The angle of attack undamping due to a wind-
fixed yaw moment is equal to the steady resonance am-
plification of the nonrolling trim angle of attack produced by
an equal moment. The yaw moment undamping factor is
relatively independent of the ratio of the roll rate to the
natural pitch frequency, whereas the steady roll resonance
trim amplification is a strong function of the roll rate ratio.

A root locus analysis of a closed-loop angle-of-attack con-
trol system with simple pitch rate feedback shows good
stability behavior. The closed-loop angle-of-attack response
to a body-fixed trim asymmetry shows, in general, an at-
tenuation in trim angle of attack below the open-loop-steady-
resonance value depending on the control system gain.

Several methods have been proposed for mechanizing an
angle-of-attack control system. The essential feature for
generating wind-fixed pitch and yaw moments is a rotating
pendulum mass that is used directly to either rotate a trim
generator at the windward meridian rotation frequency or to
regulate the rotation frequency of a motor-driven trim
generator. A new type of sensor system has been proposed
that permits direct measurement of total angle of attack, pitch
and yaw rates, and normal acceleration in a wind-referenced
Euler angle coordinate system.

A simple passive angle-of-attack damper consists of a dam-
ped pendulum suspended aft of the missile center of gravity to
permit rotation about the missile roll axis. The pendulum
generates a yaw moment that damps the angle of attack for
subcritical roll rates, undamps positive mode precession, and
damps negative precession for supercritical roll rates.

A significant characteristic of yaw moment undamping is
the rapid change in the precession rate of the lift vector from
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the trimmed to the untrimmed condition. During rolling trim-
med flight, the lift vector precesses at a rate approximately
equal to the roll rate. As the angle of attack undamps, the
precession rate rapidly approaches the pitch frequency. The
windward meridian rotation rate also increases rapidly from
near zero (lunar motion) to a relatively large value depending
on the roll rate. This latter feature might be used ad-
vantageously to prevent resonance lockin by intentionally un-
damping the angle of attack in the proper mode just prior to
resonance crossing.
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